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Wide-Band Network Modeling of Interacting
Inductive Irises and Steps

T. E. ROZZI axp WOLFGANG F. G. MECKLENBRAUKER

Abstract—Methods of field and network theory are jointly applied
to the problem of deriving wide-band models for interacting in-
ductive irises and steps in standard and oversize lossless rectangular
guides. ’

The resulting equivalent network is a cascade of lumped multi~
ports, described by means of their reactance matrix, given in the
canonical Foster’s form, and of several parallel transmission lines,
connecting the interacting discontinuities. The required frequency
band and the accuracy of the model can be prescribed at will. The
features of the approach are: the solution of the field problem yields
a reactance matrix with monotonic convergence properties; small
matrices only need be manipulated; the frequency dependence is
explicit, so that the field analysis need not be repeated at each fre-
quency point; a true network model (and not a “spot frequency”
equivalent circuit) is produced, which is prerequisite for exact
synthesis.

I. INTRODUCTION

ANY standard computer oriented methods for
solving discontinuity problems in waveguide are
based on straightforward modal analysis in terms of two
finite sets of normal modes, to be matehed on a certain
region, and inversion of the resulting matrix equation [1]
A characteristic of this approach is the lack of proper
convergence with the increasing order of the double modal
expansion. Moreover, the method becomes increasingly
unsatisfactory with the number of strongly interacting
discontinuities. Quite apart from this, no proper finite
equivalent network of the discontinuity is produced.

The importance of a proper wide-band equivalent net-
work is threefold. In the first place, such a model makes
repeating the field analysis at each frequency point un-
necessary. Secondly, a cascade of interacting discontinu-
ities can be broken down into “building blocks” connected
by transmission lines and the field problem of the whole
structure can be translated into a network problem.
Thirdly, wide-band equivalent networks are prerequisite
for the exact synthesis of components and subsystems
satisfying given specifications over a given frequency band.

More analytically based methods, such as the varia-
tional method [27] and the modified residue technique [3]
do not suffer from the convergence difficulties just men-
tioned. Also, simple variational and quasi-static solutions
yvield equivalent circuits for isolated discontinuities in
standard guides which are often fairly accurate in a mod-
erate frequency band [47]. To date, these results are in fact
the only ones available to the microwave engineer.
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However, the stringent requirements of modern telecom-
munication systems make the characterization of discon-
tinuities by means of accurate wide-band equivalent
circuits very desirable.

The principles of a variational approach, which applies
methods of both network and field theory to the problem
of lossless reciprocal discontinuities in a homogeneous
uniform waveguide, were laid down in previous contri-
butions [51-[7].

In the present paper the approach just mentioned will
be pursued and applied to the actual derivation of wide-
band equivalent networks of interacting inductive irises
and steps in lossless rectangular guides. The guide is
standard or moderately oversize. The accuracy of the
model as well as the frequency band can be prescribed at
will.

Starting from a Rayleigh—Ritz stationary expression
for the reactance matrix of the discontinuity, the network
representation is derived as a finite lumped multiport with
frequency independent elements. In the reactance matrix
of the multiport, expressed in the canonical Foster’s form,
the frequency dependence is explicit, whereas poles and
residues depend upon the geometry only. The latter de-
pendence is given in numerical or graphical form or by
means of simple interpolatory functions.

The derivation of the model is based upon the follow-
ing physical considerations. In principle, a discontinuity
excites an infinite number of modes. However, if the wave-
guide is standard or moderately oversize, only a limited
number of modes (above or below cutoff) cause appre-
ciable interaction with adjacent discontinuities. These
are the “‘accessible modes” of the discontinuity and cor-
respond to the “‘accessible ports” of the equivalent net-
work. The number of accessible modes depends, of course,
upon the accuracy required of the model. All remaining
modes, infinite in number, do not “‘see” the rest of the
circuit; they remain confined to the neighborhood of the
discontinuity, there causing energy storage and coupling
among the accessible modes. Being well below cutoff,
localized modes are almost “lumped” in nature, whereas
accessible modes are truly “distributed.” It is only natural
that accessible and localized modes should be treated in
different ways, so as to suit their different properties.

The lossless reciprocal energy storage mechanism of the
localized modes is analogous to that of a cavity in all
respects [6].

The reactance matrix of an ideal lossless cavity at its
accessible ports must satisfy Foster’s theorem. Its canon-
ical form is an infinite converging sum of resonant terms.
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Fig. 1. Cascade of interacting irises (top view) and equivalent net-

work model.

The unknown poles and residues can, in fact, be extracted
from the waveguide admittance, making use of the quasi-
static character of the localized modes. This allows the
quasi-static limit of the waveguide admittance to be
summed exactly for a number of basic configurations,
whereas the dynamic correction is a simple function of
frequency with constant coefficients. It will be seen that
the Rayleigh-Ritz stationary expression of order N for
the reactance leads to a Foster’s expansion of degree 2N
Due to its stationary nature, the latter converges rapidly
and monotonically with increasing N. Poles and residues
are related to the eigenyalues and eigenvectors of the
matrix obtained from the waveguide admittance by means
of an appropriate expanding set of functions. In practice,
manipulations with matrices of small dimension only
(typically three or four) are needed.

At this point, the problem of a cascade of interacting
discontinuities is translated into the simpler network
problem of a cascade of finite multiports connected by
lengths of parallel transmission lines (see Fig. 1).

The method just described will be illustrated by means
of a few numerical and experimental examples, namely,
the infinitely thin interacting iris, the thick iris, the cas-
cade of thick interacting irises, and 1nteract1ng steps in
rectangular waveguides.

II. THE SOLUTION OF THE FIELD
PROBLEM

The left-hand side of Fig. 2 illustrates the case of an
infinitely thin' (a)symmetric iris at a junction of two
different waveguides. The practically interesting cases of
the infinitely thin iris in a Wavegulde the indyctive step,
and the thick inductive iris are spemahzatlons or com-
binations of the preceding’ configuration. These will be
treated at a later stage.

Let us consider & accessible modes on the left-hand side
of the discontinuity and %’ on the right-hand side. &, =
k 4+ &’ is the total number of accessible modes of the dis-
eontinuity. The right-hand side of Fig. 2:shows the equiv-
alent lumped network representation of the discontinuity
as a k, port. The reference planes of the accessible modes
are placed at the location of the discontinuity. The finite
lumped multiport - represents the energy storage of the
localized modes-in the neighborhood of the discontinuity.
Since the guide is uniform and lossless, coupling between
acpessible modes takes place only at the location of the
discontinuity and is described via the multiport L.

With reference to Fig. 2, let us define:

= [(nn/a)? — (2x/X)2 ]2,
(I = jB)

propagation constant of
the TE,, mode on the
left-hand guide
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Fig. 2. Geometry of basic discontinuity and its equivalent network.
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= [(mm/a’)? — (27/A)¥]Y2  propagation constant of
the TE,, mode on the

right-hand guide.

The characteristic admittance of the TE,, mode, nor-
malized to the free space admittance, is T'»/jwuo so that the
characteristic admittance of the TE; mode (in the larger
guide) is 8/wue. The energy stored in the localized modes
can be computed from the susceptive part of the modified
magnetic Green’s function at z = 2’ = = 0. This can be
written as the sum of the contribution due to the left half-
guide and that of the right half-guide [5]. These expres-
sions can be found in a standard textbook, such as Collin’s
[8]. In our case, however, the localized modes only con-
tribute to the sum, since the accessible modes are treated
separately by means of transmission lines.

In order to obtain good convergenee properties, we
transform the original kernel as described in [8,p.349]
(see also Appendix I). The susceptive part, normalized to
the characteristic admittance of the TE; mode in the
larger guide, within a factor (a/)? which disappears at a
later stage, is

B(z,$) = Z——

n>k

@ () 0n(§)

a m>kt 1 L2

(1)

¢n and ¢, are related to the cigenfunctions of the two
guides;

nw
on(x) = cos—a
a
mwx’ mr
Yn(2) = cos = cos pr (x+ 1 — n).

It is convenient to separate in (1) the quasi-static limit
({(a/M)2—0) and the ‘““dynamic correctiqn:”

B(xt) = B*+ Bi= 3 E*‘ w(«v)wn(é)
n>k
! 11
+o X E;;”“'wmm(s)
m>k/
— nw/a
+ Z 6 e San(x)‘Pn(é)
n>k
’ 1 m/ _ ’
+ 4 g i T s, (@)

0 30 B m?
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Further, we introduce the transformation due to

Schwinger [3], [8], [9]

T
coS— = Py + Ppncosd := oy + azcos ¢
a

with
7rd 2$1 + d
Py := ai := cos— «cosw
2a
. o ) 2n +d
Py = :=sin— -sinmw —
2a 2a

With the preceding transformation, we have

nw id
cos — x = Y, P,, cos pd.
a =0

(3)

The coefficients of the finite summation (3) are given in
Appendix II.
With the same expanding set, we also obtain

m -]
€08 2’ = 5 Ay cos pd (4)
a it
where
2—4 i m
Amp = -(-—————’i)— / cos —Z—r X' (#) <cos pd-dd.  (5)
™ 0 a

Substituting (3) and (4) into (2) and proceeding analo-
gously to [8,p.341-343 ], we obtain a new expression for the
aperture in terms of the new variables ¢,9:

B(9,1) = 2. By, cos pd-cos qn

p,q=0
where
Byq = By + By (6)
and
T k1 T 1
B, =— — - P, P, — — Aol
pg aB l:epq El o q] + a8 [ mgc/ Ampd q]
(7)
with
0, forp # ¢
€pg = < — 21n on, forp=¢=20
1/p, forp=¢>0
1 1 nr
Byt = El:’gc;?(rn - —a—) Pinnq]

#1322 Lo =) auan] @
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Fig. 3. Infinite transformer network coupling the waveguide modes.

It can be seen from (7) that the quasi-static contribution
of the larger guide, which is in fact also the largest one, is
given as a finite sum by means of the preceding transfor-
mation. The remaining three summations must be carried
out numerically.

The infinite dimensional matrix B, defined in (6), cor-
responds to B in the “basis” introduced by Schwinger’s
transformation. The latter induces an infinite equivalent
network of the fields on the aperture. B is the susceptance
matrix, corresponding to the energy storage in the guides
as seen on the aperture.

Fig. 3illustrates the network interpretation. The “‘basis”
on the aperture can be seen as an ideal transformer with an
infinite number of ports. All ports corresponding to lo-
calized modes have been terminated by their modal
characteristic admittances. Encrgy storage takes place
only in these reactive terminations, while coupling be-
tween all modes, in particular between the accessible
modes, takes place via the transformer, where no energy
is stored. The matrices P and A are just the transformer
ratio matrices.

Although infinite in principle (0 < p,g--- ), B must
be truncated to a finite order N in order to compute its
inverse, which appears in the following equations. This is
equivalent to assuming a finite field expansion on the
aperture and therefore reciangular (N X ) transformer
ratio matrices appear.

Finite truncation of the matrix B is independent of the
computation of the original kernel (the stored energy).
This is at the origin of the good convergence properties of
the expression for the (normalized) reactance matrix of
the k, port L, describing how the discontinuity is seen by

the accessible modes [6].
Xij = 7.7,QT 5 B2 Qx4 (9

Qs+ denotes the 7th column of the matrix PTif ¢ < k or the
(-k)th column of A7 if ¢ > k. Also,

1

< forl <i<k

7

T: = 4
1

G—k)

(a’/a)'?, fork+1<1i<k,.

The factor 7;7; is introduced as a consequence of the trans-
formation used prior to obtaining (1) (see Appendix I).
Expression (9) is in fact identical with the Rayleigh-Ritz
variational solution of order .V [6],



238

III. FREQUENCY DEPENDENCE AND
FOSTER’S FORM

Localized modes are characterized by the fact that their
propagation constants are real large numbers (T, —
nr/a, as n— « ). Physically, this implies that the fields
pertaining to these modes remain in the neighborhood of
the discontinuity, where their excitation takes place, so
that these modes cause no interaction between neighboring
discontinuities. In intuitive terms, they do not ‘“‘see’ the
neighboring discontinuities. Therefore, one could imagine
that magnetic walls, for these modes only, are placed long,
but finite, distances away from the discontinuity. One
visualizes the space enclosed between these magnetic walls
and the waveguide walls as forming an ideal cavity, storing
the ‘energy of the localized modes. The magnetic wall
boundary conditions are consistent with a reactance
matrix deseription. Coupling of the cavity to the external
world takes place on the aperture of the discontinuity, via
the accessible modes.

As a function of frequency, the reactance matrix of a
lossless reciprocal cavity with k, accessible ports must
have the form

]

Xiy(w) = Z_l 1= (o)t

wrij(”‘)

1<7j<ks (10)

with wn» >~ 0(m) and r,,% — 0 as m — «. Also, the con-
stant residue matrices v are nonnegative definite [10],
[11]. Normalization to the characteristic impedance of the
larger guide merely replaces X by X, i.e.,

X(w) = B/wmX (@).

One should observe that, within a normalization constant,
(9) and (10} are two independent expressions for the same
reactance matrix. In particular, in expression (9), ob-
tained from a waveguide description, the dependence on
the geometry and on frequency are connected in a very
complicated way. On the other hand in (10), the frequency
dependence is given explicitly, while poles and residues
are functions of the geometry only. These functions are
unknown as yet. However, they can be extracted from (9).
In the following, we shall derive from (9) a finite approxi-
mation to (10). This is based on the “quasi-static’’ be-
havior of the localized modes and the fact that in (8) the
frequency dependence is only contained in the factors T'y,
I, and 8.

Let us now investigate the frequency dependence of the
function T, (w)/B(w) (n >k > 1). We have

Ta(w) _ na/a [1 — (1/n2)(2a/\)2 ]V
Blw)  w/a  [(2a/N)? — 1]
[1 - (&/n)2]H2

= HW’ . (11)

Here we have introduced the normalized frequency & =
Ae/A = 2a/N, A\ = 2a being the cutoff wavelength of the
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ground mode in the larger guide. With this normalization,
the ordinary guide bandwidth is given by 1 < & < 2. To
the first two terms, the series expansion of the square root
of the numerator of (11) is

&’2 1/2
(1—";7/—2 ~1

This is a good approximation for (o/n)? < 1, as it is the
case for all localized modes except, possibly, the first few.
Furthermore, the functional form of the preceding approxi-
mation has the advantage of being very convenient for
deriving the Foster’s form of the reactance, as will be seen
later. In particular, going over to the complex frequency
p = o + jw it is evident that the expression
T'.(p) _nr

1 1p
= (112)
Hop m& \p =N
is a positive real approximation to the input admittance of
a lossless one-port network (the characteristic admittance
of the nth mode). If only the ground mode is considered
accessible, (12) may not be always sufficient to provide a
satisfactory approximation in the frequency band of
interest.
With a view to improving the approximation while still
maintaining the convenient functional form of the right-
hand side of (12), let us slightly modify the latter as

follows:
=9\ 1/2 T (m) 52
w Co ()
(1 - 7) ~ho =
7 2 n

1a?

5 (12)

(13)

with positive constant k™, k™ (—1 as n— ). For
given 7, the free parameters ki,k; can be determined from
the associated problem of approximating T',/8 by (nx/a)
[k — (k™ /2) (0%/n2)]/B in the Chebyshev sense over
the frequency band of interest. To give an impression of
the accuracy accruing by means of the preceding approach,
consider a typical example: n = 3, 1.2 < & < 2. Using the -
original expression (12), the maximum relative error in the
band is 1.5 percent, whereas, using (13) with k, = 1.014,
ky = 1.194 yields a maximum relative error equal to 1.3
per mil. The accuracy of the approximation improves
rapidly either by increasing » or reducing the frequency
band.

A similar approximation gives a fortior: better results
when applied to the propagation constant in the smaller

guide:
mwr a’ & \* ]2
Pm, - —T [1 B (_ _> ] ’
a a m

Introducing (13) in (8), we obfain from (7) and (8) the
following susceptance matrix:

(o/ < a).

1
= 5[0 = @01 (14)

where
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T ko1 ™ — 1
Cpq'?:;[épq_ Z%Pnppnq'*‘zl——_Pinnq]

n=1 n>k n

ki m)
+2[ 5 E | 9
a m>k!
p)
1x ]CQ("') (a') kzl (m) ]
Colt=—-— — P, P, — AmpAmg |-
g 20[51 7 2 q+ a mgl ms ptimg

(16)

Since B is the susceptance matrix of a lossless reciprocal
structure, the matrices C* and C¢ are symmetric and non-
negative definite. Furthermore, the matrix C* being the
de-residue matrix of B is positive definite.

This implies in turn that the two matrices can be
diagonalized simultaneously. In order to do so, let us re-
write 8B in (14) as

BB = (08)1/2[1 — (Os)—l/ZCd(CS)—lﬂ](08)1/2
(C)2[1 — GTATT](Ce)1

— (03)1/277(1 — &,ZA\ TT(CS)l/?

= M-1(1 — &*A) (M)T

Il

(17)
where the matrix (C®)/2 is the symmetric ‘‘square root” of
Cs, T is the orthogonal matrix of the eigenvectors of
(C*)—12C2(C*)~12, and A is the diagonal matrix of the cor-
responding positive eigenvalues. Introducing now (17) in

(9) we obtain the (normalized) reactance matrix of the
discontinuity as

Xii(@) = rirfQui B Qs

T7BQusT - M7+ (1 — &PA) ™' - M Qs
_ v, (MQxi)m" (MQxi)m

= TiT]B Z 1 — ((I)/J,)m)"

m=1

It

N 73

b 2T (Glany
where A = diag (1/@.?). Equation (18) is the required
finite approximation to the Foster’s form (10).

As mentioned already in connection with (10), the
cavity model implies: @2 < @? < -+ < ax? = 0(N?).
Furthermore, the first resonant frequency is much higher
than the upper limit of the frequency band of operation.
This is a consequence of the choice of the reference planes
and of the quasi-static behavior of the localized modes.

In (18), the frequency dependence of the reactance
matrix has been separated from the geometry dependence.
The latter is contained in the poles and the residues. Re-
peating the field analysis at each frequency point is there-
fore no longer necessary. Field analysis has provided us
with a true finite network model valid over a prescribed
frequency band (in contrast with a “spot-frequency”
Weissfloch’s equivalent circuit [8, p.2517]). The study of
the frequency characteristics of the isolated discontinuity
and its interaction with other discontinuities follows now
on the basis of standard network analysis.

(18)
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In the following, we shall apply the preceding theory to
the problem of building an accurate network model of
waveguide components such as filters, transformers, and
cascades of inductive steps in general. We will begin with
the basic “building blocks” such as the infinitely thin
symmetric inductive iris, the waveguide H-plane step, and
the thick inductive iris.

IV. THE INFINITELY THIN SYMMETRIC
INDUCTIVE IRIS IN WAVEGUIDE

A top view of the configuration is shown in Fig. 4(a),
while Fig. 4(b) gives a four-port model of the discon-
tinuity. This model is applicable to the case where the
TEy mode of the guide is above cutoff, whereas the first
nonpropagating mode, the TE3 mode, may still cause
appreciable interaction with neighboring discontinuities.

This choice will prove sufficient in most cases, since in
most practical situations, interaction via the first non-
propagating mode only is of any importance. The typical
range of application corresponds to an iris to iris distance
~a/2 for the worst case of higher order mode excitation
(d/a = 0.5). In fact, a two-port description is often
sufficient. This case can be easily recovered from the more
general one presented here by closing the two TEs ports
by the corresponding characteristic admittances.

The TE;, and TE3 modes are the “accessible modes’ in
the sense discussed in the previous section. The remaining
TE,, modes (with n odd, >3) are the localized modes.

Since the semi-infinite guide on the left is identical to
that on the right, expressions (15) and (16) for the mat-
rices C* and C?in (14), now reduce to

2% 1
Cpqs = [qu - Z - P in ng
a n

n=1,3

ey — 1
+ T — - Pn,,P,,q] (19)
n>8;n odd
and
ko ()
Cogd = ;—r[ > ;—3 P,,,,an]. (20)
2>3;n odd

One sees from (2) and Appendix I that in this case, as a
consequence of the iris being symmetric, P,, = 0 when-
ever p is even. At this point, it is convenient to renumber
the indices, so that p = 2p' — 1, ¢ =2¢ — 1; p',¢ =
1,2,-+-N. N is the dimension of the finite truncation of the
matrix B, which is also the order of the finite approxima-
tion of the reactance matrix X in (10).

Symmetry about the plane z = 0 and reciprocity of the
structure imply that X must have the form

il L2
.Z'2T iy

where z;,1; are 2 X 2 submatrices and z; is symmetric. The
fact that the obstacle is infinitely thin further implies that

(21)
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Fig. 5. Poles of the fourth order representation of the thin iris.

z; = 2, = z’. This could also be seen by direct inspection
of (18), specialized to the case of interest. Our problem is
thus reduced to finding the poles and residues of the sym-
metric 2 X 2 matrix 2'(%). In the subsequent numerical
example N was fixed equal to four. This choice was moti-
vated by the fact that taking a higher value of N did not
affect the results significantly. Following the steps indi-
cated in (17) and (18), the four poles and the correspond-
ing residue matrices were computed as functions of the
only geometrical parameter d/a. Poles are plotted in Fig.
5 The corresponding residues are plotted in Fig 6(a)—(c).

With the help of these graphs, the reactance matrix of
any thin inductive iris can be constructed without having
recourse to a computer program. The functions w.(d/a)
and 7, (d/a) can very well be approximated by the
empirical formulas

d
ant(d/a) = any coth (b,,, tan g 5) (22a)

. d
1 (d/a) > ¢;,% sinh <d,'j("‘) ;) (22b)
with constants am, bm, ¢, d" to be determined by fitting
in the range of interest.

V. THE SYMMETRIC H-PLANE STEP AND
THE THICK INDUCTIVE IRIS

The top view of a symmetric H-plane step is illustrated
in Fig. 2,if o’ = d and 2z = ¢ — .. Introducing a’ = d in
(5) and (7), these formulas apply as they stand. Again,
the discontinuity depends upon one geometrical parameter
only: d/a. We can build a four-port equivalent network of
the discontinuity for the TEj; and TEs; modes at each
side of the junetion, where poles and residues of the re-
actance matrix of the four-port are functions of d/a. The
analysis follows closely the same lines as for the thin iris,
except that the four-port is no longer symmetric.
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Fig. 6. Corresponding residues.

The thick inductive iris can be considered as being con-
stituted by two opposite steps separated by a length 2t of
iris “waveguide,” as shown in Fig. 7. The number %’ of
accessible modes in the iris must be chosen according to
the ratios d/a and ¢/a. The thickness effect is taken into
account of by means of the %’ transmission lines in the iris
(accessible modes between two steps). All higher order
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Fig. 8. Even/odd mode problems for the thick iris.

iris modes excited by the steps are terminated by their
characteristic admittances, i.e., they do not “see’” the
other step.

We can build an alternative model for the thick iris in a
waveguide since this structure is symmetric with respect
to z = 0 and can be analyzed in terms of the even and odd
excitation modes. The even and odd mode half-structures
are obtained by placing a magnetic or an electric wall at the
plane of longitudinal symmetry falling in the middle of the
iris, as shown in Fig. 8. This is in fact a step problem where
the modes on the right are terminated by an open/short
circuit after a distance ¢ of transmission line.

Accordingly, the admittance matrix B for the even/odd
mode is given by the formulas (7) and (8) where for all
localized modes in the iris I',,’/8 is now replaced by

tanh T/t
T.'/8
coth T/t

for the even/odd mode, respectively.
Again, owing to the weak frequency dependence of the
localized modes, we can approximate

tanh T/t
T
coth T/t

by an expression like (13), where kioo' ™, koo’ ™ (—1
as m — ») are determined by a Chebyshev approxi-
mation in the band of interest, for the even and odd mode
separately. The resulting expressions for the matrices C*
and C? are

2k—1 1

T
Co* = a[qu - Z = PrupPrg

n=1,3

o fe ) — 1
4 > o

n>2k—1;n odd n

PrpPrg

k™ tanh (mw/d)¢

i 5 AmpAmg

m>2!~1ym odd TP

(23)
{k1,0' ™ coth (mx/d)?
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T kot
'—[ Z 23 Pinnq

n>2p—1;n odd

d\* 1
() r Lt
a m>2,!—1,m odd m

mat/d )
cosh? (mmw/d)t

. 1 .24

mmt/d )
sinh? (mmx/d)t

m
ko, (tanh —Zf t 4+
¢

kg o’ 0 (coth Z%E t—
¢

The upper expression holds for the even case, the lower one
for the odd case. QObserve that for #t/d >> 1 the expressions
for the even and odd case in (23) and (24) approach their
common value given by (15) and (16), respectively (set
d = a’). Starting from (23), (24), we can repeat the same
steps as in Section I11, leading from (14) to (18). We thus
obtain the reactance matrices X.,X,” of the ke-port
representation, shown in Fig. 8(a), at the reference planes
T-—1T.

If no iris mode is above cutoff, then £’ = 0 in the above
formulas and k, = k. If some iris modes are above cutoft,
we can eliminate them from the network representation by
closing them with the appropriate terminations. Standard
network analysis yields the following formulas for the
k X k driving point reactance matrices XX, at the
reference planes 7':

X, = (& )u — (8 )| (@)

1 tanh T/t

-+ —diag| I/ R
B coth Tyt

tanh (P/le_lt) -1

« Topra ()17 (25)
(‘!)th (F’gkr_lt)
where

k K

—A,

k <(xul) 1 () 12>
2, = .
K\ () u® (zu )2
w stands for e in the even case and the upper expressions in
(25) should be used, u stands for o in the odd case and the
lower expressions should be used.

Finally, the 2k X 2k reactance matrix of the thick iris
can be expressed in terms of the even/odd mode k& X &

reactance matrices as
1 X e + Xa Xe - Xo)
X+ X,
The approach just described entails repeating the analysis

X =
X — X"
for the even and the odd cases. Furthermore, poles and
residues of the reactance matrices X,,X, are now (weak)

(26)

b
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functions of ¢/a as well as of d/a, whereas in the case of the
step, the only geometrical parameter was d/a. With respect
to the double step approach previously discussed, the ad-
vantage of the latter approach comsists in the fact that
fewer accessible ports need be considered in the case of thin
irises, which is the one most frequently encountered in the
applications. In particular, if the iris is below cutoff, then
no mode at all need be considered as accessible in the iris.
The port reduction expressed by formula (25) is then no
longer necessary.

An example of the latter will be discussed in the follow-
ing section.

VI. FURTHER NUMERICAL AND
EXPERIMENTAL RESULTS

The application of the theory presented in the previous
sections will now be demonstrated by means of a few
examples.

1) The Isolated Thick Iris in the Standard Waveguide
Band (1 < & < 2): Table I gives poles and residues of the
even and odd mode reactances for d/a = 0.5 and 2t/a =
0.5. Although fairly typical in practice, these dimensions
represent a “worst case” for the existing approximate
representations of the iris. In fact, the preceding ratio d/a
carresponds’ to maximum higher order mode excitation
and the thickness, while being too large to be’ neglected is
at the same time too small to be taken care of by means of
a single irls mode. In the computation, no accessible modes
were assumed in the iris [k’ = 0 in (23), (24)]. Also, &V
was set equal to 3 in (18) and only one accessible mode was
assumed in the guide (k = 1). Table I shows how rapidly
the Foster’s representation converges. Only the first
resonant frequency of the even mode needs be taken into
account. The contribution of all other terms can be lumped
in static inductances. ' '

The equivalent network of Fig. 9(a), is based upon the
approximation just mentioned. It holds in the ranges:
0.1 < d/a < 0.5 for 2t/a < 0.05 and02 < d/a < 0.5 for
2t/a < 0.1.

In Fig. 9(b)—(e) the element values of Fig. 9(a) are
plotted in the preceding range. Outside this range, more
than one resonant frequency (or no resonant frequency)
need be taken into account. Negative inductances Ls,
together with positive inductances L;, can be interpreted
as belonging to a realizable transformer (L; + 2L; > 0).
This occurs due to the thickness effect.

2) A Cascade of Thick Interacting Inductive Irises: 'The
field problem of a cascade of interacting irises has been
reduced to the network problem of analyzing a cascade of
lumped multiports connected by a finite and (small)
number of transmission lines, as shown in Fig. 1.

In the range of interest, the multiports are described by
their canonical Foster's form, explicitly displaying the
frequency dependence. Poles and residues depend upon the
geometry only and are obtained by means of field analysis.
Propagation constants and characterisitic admittances of
the transmission lines, describing the accessible modes, are
known. Therefore, we can apply standard network analysis
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TABLE I

even

m 1 2 3
w ? 9.27 51.77 233.38

rT"') 0.630 0.0234 0.00506

odd

w2 124,19 244,94 459,05

=m 0.0108 0.0318 0.0154

frequency band: 1 <® < 2 (® = 1: cutoff TE, o} ® = 2: cutoff TFZ))

in order to obtain the frequency characteristics of the
cascade. In order to check the theory, an accurate experi-
mental structure, consisting of a cascade of eight inter-
acting irises, was built and tested. Numerical and experi-
mental results are shown in Fig. 10. The figure shows
VSWR versus frequency in the range 19-21 GHz. The
thinner line was computed with the thick iris approach
described in the previous section. A fourth order trial field
(N = 4) was assumed on all apertures. Two modes: TEy,
above cutoff, and TEs, below cutoff, but still causing
interaction, were considered accessible in the sections of
waveguide. One mode: TEy, below cutoff, was assumed
accessible in the iris, in the even/ odd mode representation
of the iris. Taking N equal to3, 5, or 6 changed the charac-
teristics only slightly. This is a consequence of the sta-
tionary nature of the reactance of each iris. The thicker
line is the envelope of experimental points obtained by
slotted-line measurements. The agreement can be con-
sidered excellent for a structure of this complexity. The
3-percent error in bandwidth and the slight peak deforma-
tion appearing at the upper band edge can be attributed to
tolerance variations in the guide width along the structure,
since the gulde -width was assumed constant in the com-
putation. Also, no account was taken of losses and of
residual geometrical imperfections such as asymmetries,
misalignment, and bending of the irises.

Interaction between adjacent irises via the TEs mode
is a relatively weak effect in the structure just mentioned.
The influence of interaction between adjacent discon-
tinuities will be. illustrated in the following examples,
where the effects appear in increasing measure.

3) H-Plane OQversize Section: Consider Fig. 11. The
continuous line represents the computed modulus of the
reflection coefficient for the TEy mode versus frequency
of an H-plane oversize section in a standard X-band
waveguide. The dimensions are given in the figure. The
reader is cautioned that, consistent with the previous use,
o’ denotes the width of the smaller guide. As it happens, a’
is now the standard waveguide width. The frequency
ranges from 6.5 to 19 GHz. Above this frequency (namely,
at 19.7 GHz), the TE; mode in the standard guide be-
comes propagating and a two-port model for the input—
output relation no longer applies.

A sixth order trial field was assumed on the aperture.
Two modes were considered accessible in both sections of
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Fig. 9. Simplified equivalent circuit and element values versus geometry.
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Fig. 10. Cascade of eight thick interacting irises. Fig. 11. A “small” double step discontinuity.



244

—-— config 1,
present theor¥

= 22060m —— config 2,

small obstacle -

+  gperture
approximation

S
f{GHz) —»

Fig. 12. Large double step discontinuity.

guide. In this example the ratio a’/a is close to unity (1 —
a’'/a = 0.166) and the distance between the discon-
tinuities is relatively large (¢/a = 1). Therefore, Marcu-
vitz’s small obstacle formulas [47] are expected to be quite
accurate up to almost the cutoff frequency of the TEs
mode in the larger section (16.3 GHz). The thinner curve
in Fig. 11 indeed gives the result computed according to
[4]. It is seen that the two curves are virtually identical
in the lower part of the band. Even at higher frequencies,
the agreement is very close. However, whereas Marcu-
vitz’s approach is necessarily limited to the bandwidth,
1< 2d/N < 2a/N <3, no such restriction is posed in
principle on the method presented.

Fig. 12 contrasts the behavior of two identical large
double steps placed at two different distances. Curve 1
refers to the left-hand side insert in the figure. Here a’/a =
0.5 and the distance is identical to that used in the pre-
vious example. At 10 GHz two modes become propagating
in the larger guide. The two peaks oceurring at 14 and 16
GHz, respectively, are due to destructive interference
between the TEy and the TEj modes. The possible
occurrence of this effect was in fact qualitatively predicted
by Butterweck [12].

Curve 2 refers to a similar structure, but with the dis-
tance halved, so that the dimensions are those of the
right-hand side insert in the figure. Due to the reduced
length, the interference peaks are now less pronounced. In
computing both curves, N was assumed equal to 6; four
modes were considered accessible in the larger guide, and
two in the standard guide.

Curve 3 in the figure refers to configuration 2. This
curve was computed by averaging the small obstacle and
the aperture results of [4]. Owing to the large difference in
guide widths, the equivalent network given in [4] becomes
inaccurate even below 10 GHz.

CONCLUSIONS

Starting from the Rayleigh—Ritz stationary solution of
the inductive iris and step in rectangular waveguide, a true
lumped equivalent network model has been derived for
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this type of discontinuity. The features of the method are
as follows.

1) The reactance matrix shows good convergence
properties, monotonically depending upon only one param-
eter N, and “relative convergence’ effects do not arise.
Also, manipulations with only small and well-conditioned
matrices are involved.

2) The elements of the equivalent circuit, given in the
canonical Foster’s form, depend solely upon geometry.
Herewith, the frequency characteristics of the discon-
tinuity are described over a wide band. The band can be
prescribed and, together with the geometrical configura-
tion, determines the number of accessible ports in the
equivalent network.

3) The field analysis of a cascade of interacting dis-
continuities is transformed into the standard network
problem of analyzing a cascade of multiports (generally
with a small number of ports), separated by transmission
lines. This does away with the need of repeating the field
analysis at each “spot frequency.” Also, it opens the way
to exact network synthesis, with prescribed frequency
characteristics, of subsystems and components consisting
of cascades of step discontinuities.

APPENDIX I

The reactive part of the magnetic Green’s function for
the problem depicted in Fig. 2 is

) ” 2 1/2 . 9 1/2 .
—JBi(z,8) = X2 o (-) sin = g <~> sin = £
a a a

n>5 N \&

1/2 172

Yn' (2 . mw 2 . nrw

+ 2 —=15) sih—2 |5 sin —- &
ot Y1 \@ a a a

Yn Fn ym, . I‘ml

(51 ]B ! JB
The preceding series is not convergent in the classical
sense, but is in fact a generalized function. Numerically,
the problem is avoided by double partial integration with
a trial field and taking account of the boundary conditions
(E: = 0) at the iris edges, as discussed by Collin [8,p.3497.
It can be shown that a variational expression for the

reactance matrix X of the discontinuity is

( / 0:E dx) ( f g.F dx)

f E-B-F dx d¢

(11)
where

Xy = o 154, )<k (12)

where

2\ ir
gi=1{—) sin—u,
a a

1<k
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2\ 2 i
o, . .
gi=(‘,) sin — 2/, E+1<i<k,
a a

and E,F are “trial fields.”
By carrying out double partial integration and upon
application of the boundary conditions at the iris edge, we

obtain

[ f (dB/dz)h: dx] [ / (dF ) dx]
Xij =TT . (13)
f (dE/dz)B(dF/dE) dz dt

where

cos (ir/a)r = ¢y <k
hri =

cos (im/a’)r’ = ¢, E+1<1i< k..

The quantities ¢, ¢, and B are those defined in (1); 7, is
defined in connection with (9). Using the matrix represen-
tation introduced in (2)—~(7) it can be shown [6] that
(I8) can be written as

Xij = 77 Qui" B Quy

which is formula (9) of Section II.

APPENDIX II

Here we shall derive a recursive formula for the co-
efficients P,, of (3).

Consider the recursive formula for the Chebyshev poly-
nomials of the first kind:

To(z) = 22Ty s(2) — Tpo(2) (I11)

and set in the above

nr
cos—zx =1,
a

(cos ;—r x) = To(ar+ ancos ). (112)
Using the trigonometric identity,

1
=3 [cos (p — 1)& + cos (p + 1)d]

cos d-cos pd

(IT1) becomes
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n n—1 n—-2
> P.,cos pd = 201 3. Pu_y,co8pd — 3, P,y cos pd
p=0 =0 p=0
n—2
+ o >, Praprrcospd + a Z Poi,p1cos pd. (113)
p=—1 p=1

Considering coeflicients of cos pd, yields
Pn—-Z,p + C¥2Pn—1,p41—1
+ by, plPr,0 + cePpoa,p (114)

Pnp =;2alpn—l,p -

where
0, p#1
51,1, =
1, p=1
Puo= 1, Pm=a1, P11= [¢2}
and ‘
P,, =0, ifn<porp<O.

(II4) is the sought recursive formula.
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